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Abstract 

In this paper, we prove the following differential analog of the Noether normalization lemma: 
for every d-dimensional differential algebraic variety over differentially closed field of zero charac¬ 
teristic there exists a surjective map onto the d-dimensional affine space. Equivalently, for every 
integral differential algebra A over differential field of zero characteristic there exist differentially 
independent bi,... ,bd such that A is differentially algebraic over subalgebra B differentially gener¬ 
ated hy bi,... ,bd, and whenever p C B is a prime differential ideal, there exists a prime differential 
ideal q C A such that p = B n q. 

We also prove the analogous theorem for differential algebraic varieties over the ring of formal 
power series over an algebraically closed differential field and present some applications to differ¬ 
ential equations. 

MSC2010: 12H05. 

1 Introduction 

The Noether normalization lemma is an important result in commutative algebra and algebraic ge¬ 
ometry. Stated geometrically, it says that for every affine algebraic variety of dimension d there exists 
a surjective map onto the d-dimensional affine space. One of possible (though not the strongest one) 
algebraic formulations is the following: for integral algebra A there exist algebraically independent 
bi,... ,bd such that A is algebraic over B = k\bi,... ,bd], and whenever p C B is a prime ideal, there 
exists a prime ideal q C A such that p = Bfiq. More precisely, it turns out that the extension B (Z A is 
integral. In this case due to the Cohen-Seidenberg theorem, the extension A C B satisfies going-up and 
going-down properties for prime ideals. Besides its theoretical importance, the Noether normalization 
lemma is widely used in computational algebraic geometry (see |12jl. 

As far as we know, there is no appropriate notion of integral extension for differential algebras. 
Going-up and going-down properties for quasi-prime differential ideals were investigated in by Keigher 
in m- Trushin extended the Gohen-Seidenberg theorem to the case of integral extensions (in the 
sense of commutative algebra) of differential algebras ([151 th. 11-12]). Geometrically, these extensions 
correspond to maps with finite fibers. However, in differential algebraic geometry zero-dimensional 
varieties are often infinite. In m th. 1], Rosenfeld showed that, for a differentially finitely generated 
extension B C A oi fc-algebras without zero divisors, there exists an element b G B such that every 
prime ideal in a localization B^ can be extended to a prime ideal in At (see also paper by Kac El)- 

We prove the following differential analogue of the Noether normalization lemma: 

• For every d-dimensional differential algebraic variety there exists a surjective map onto the d- 
dimensional affine space (Theorem [Ij. 

• For every integral differential algebra A there exist differentially independent bi,... ,bd such that 
A is differentially algebraic over subalgebra B differentially generated by 6i,..., 6^, and whenever 
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p C -B is a prime differential ideal, there exists a prime differential ideal q <Z A such that p = Bfiq 
(Theorem [2]). 

From the standpoint of differential equations Theorem [T] means that for every system of differential 
equations in n variables defining d-dimensional variety there exists an invertible change of variables such 
that for any tuple (/i,..., fd) of functions, there exists a solution (/i,..., /„) extending this tuple. 
By function here we understand some element of the differential closure of the field of coefficients. 
However, we provide also an alternative version of Theorem [T1 namely. Theorem [3l which allows us to 
formulate similar result for solutions in a power series ring. See Section [5] for details and Corollary [5] 
and Cororllary [3] for applications to algebraic differential equations over C and over C[t]. 

There are two standard ways to prove the Noether normalization lemma: ’’algebraic", using some 
sufficiently general change of coordinates (see [U §1.1]), and ’’geometric", using projections to hyper¬ 
planes of general position ([1] §11.8]). Our proof is based upon the former. The main tool of the proof 
is a “polynomial shift” trick developed in the proof of [HI th. 1]. So, the proof is constructive, in the 
sense that it gives an algorithm how to find the surjective map or the elements 6i,..., The second 
approach to algebraic Noether’s normalization uses the completeness of projective varieties and the 
fact that the projective closure of an affine subvariety of the affine space does not contain all infinite 
points. Interestingly, projective differential varieties are not complete (moreover, there are no complete 
differential algebraic varieties of positive dimension, see [161 Corollary 2.4]), and the projective closure 
of differential algebraic variety defined, for example, by x'y' = 1 contains the whole line at infinity. 

The rest of the paper is organized as follows. In Section [2] we introduce necessary notions from 
differential algebra and differential algebraic geometry. Section [3] contains several lemmas, which are 
used further both in the proof of Theorem |T] and in the proof of Theorem |3l Every lemma in Section [3] 
is supplied with the references to the corresponding parts of proofs of Theorem [1] and Theorem |3l 
Section [4] contains the proof of Theorem [T] In Section [2] we deduce Theorem [2] from Theorem m In 
section [5] we develop basic tools of differential algebraic geometry over the ring of formal power series, 
prove Theorem|3l which is an analogue of Theorem|T]for the case of power series solutions, and provide 
an example of application of Theorem |3| to differential algebraic equations over C and C[t] (Corollary [2] 
and Corollary|3|). The last section contains some concluding remarks and acknowledgments. To sum up, 
Section [5] and Section |6| containing the main results are independent from each other and extensively 
use lemmas from Section [31 and Section [5] depends on Section Sj 

2 Preliminaries 

2.1 Differential algebra 

Throughout the paper all fields are assumed to be of characteristic zero. Let i? be a ring. A map 
D: R ^ R satisfying D{a + b) = D{a) -I- D{h) and D{ah) = aD{h) + D{a)b for all a,b € R is called 
a derivation. A differential ring i? is a ring with a specified derivation. In this case we will denote 
D{x) by x' and D^{x) by x^^\ A differential ring which is a field will be called a differential field. Let 
F C E he a differential field extension and a £ E. Let us denote by E(a) the differential subfield of E 
generated by F and a. If A is a ring without zero divisors, for s S A by we denote the localization 
of A with respect to s. Furthermore, if A is a differential ring, the derivation on A can be uniquely 
extended to A^. 

A differential ring A is said to be a differential k-algebra over a differential field fc if A is a fc-algebra 
and the restriction of the derivation of A on fc coincides with the derivation on k. Let A C B be a 
differential fc-algebra extension and b £ B. Let us denote by A{6} the differential subalgebra of B 
generated by b and A. An ideal / of a differential ring R is said to be a differential ideal, ii a' £ I for all 
a £ I. The differential ideal generated by oi,..., a„ G I will be denoted by [oi,..., a„]. A differential 
ideal I is radical if, whenever £ I for some n > 0, a £ L The minimal radical differential ideal 
containing oi,..., will be denoted by {oi,..., a„}. 
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Let A be a differential fc-algebra. We consider a polynomial ring A[x,x',... where 

x,x',x",... are algebraically independent variables. Extending the derivation from A to A[x,x ',...] 
by = we obtain the differential algebra. This algebra is called the algebra of differential 

polynomials in x over A and we denote it by A{x}. Iterating this construction, we define the algebra 
of differential polynomials in variables xi,... ,Xn over A and denote it by A{xi, ...,a;„}. 

Let P € k{xi,..., Xn} be a differential polynomial. The order of P with respect to Xi is the 

(n) 

largest n such that x\ occurs in P, or —oo if P does not depend on xt. We denote it by orda,. P. If 
s = ordx, P ^ 0 then we can define the separant of P with respect to Xi as the partial derivative . 

dx\ ' 

Moreover, we can write P as a univariate polynomial in x\^'^: Jq ^d- 

Then, Jq is said to be the initial of P with respect to Xi. The importance of the separant is explained 
by the following lemma. 

Lemma 1. Let P € k{xi ,..., Xn}, and assume that orda;^ P ^ 0. By S we denote the separant of P 
with respect to Xi. Then, for every differential polynomial Q € k{xi,... ,Xn\ there exists a differential 
polynomial Q such that orda;i Q ^ orda;i P and 

S^Q — Q G [P] for some N G Z^o- 

Proof. Let orda:i P = h. The key ingredient of the proof is the fact that pl-^l can be rewritten as 
+ T, where ordaia T < h + N. Assume that the order of Q with respect to a;i is P > h. 

By D denote deg^(rf) Q, so Q = Cq where deg^(H) Ci < D and orda;a Co < H. Let 

Q,=SQ- Co Then, deg^(u) Q, < D. 

Repeating this procedure we obtain a sequence of differential polynomials Q = Q 01 Q 11 ■ ■ ■ ,Qm 
such that SQi — Qi+i G [P] for all i and orda:i Qm ^ h. Then, S^Q — Qm & [P], so we can set 
Q — Qm- □ 

Remark 1. The above lemma and Lemma [5] are particular cases of the theory of characteristic sets of 
differential ideals. We do not need this machinery in full generality, so we state and prove these cases 
only. For more profound account see [5]. 

Let A C P be an extension of differential fc-algebras without zero divisors. Elements bi,... ,bn G P 
are said to be differentially independent over A if P( 6 i,..., bn) yf 0 for all nonzero P G A{xi,..., Xn}- 
An element 6 G P is said to be differentially algebraic over A if there exists a nonzero differential 
polynomial P G A{x} such that P{b) = 0. If all elements of P are differentially algebraic over A, the 
extension A C P is said to be differential algebraic. A set 61 ,..., of differentially independent over 
A elements is said to be differential transcendence basis if every 6 G P is differentially algebraic over 
A{ 6 i,..., bn}. Then, the number n does not depend on the choice of the basis (see [21 p. 44]) and is 
said to be the differential transcendence degree of P over A. If A is not specified explicitly, we take it 
to be k. 

A differential field K is differentially closed if, whenever f,g € K{x}, g is nonzero and the order 
of / is greater then the order of g, there is a G AT such that /(a) = 0 and g{a) 0. A differential 
field AT D fc is a differential closure of a differential field fc if AT is differentially closed field and the 
extension fc C AT is differentially algebraic. Every differential field k has a differential closure and any 
two differential closures of k are isomorphic over k (see [ 6 l Corollary 4.16]). The importance of the 
differential closure can be illustrated by the following form of the differential Nullstellensatz (see [TJ 
Corollary 2.6]): 

Theorem. If k is a differential field and Ti is a finite system of differential equations and inequations 
over k such that E has a solution in some I Z) k, then E has a solution in any differentially closed 
K L) k. 
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Remark 2. Let us remind an important property of the resultant of univariate polynomials which 
we will use several times throughout the paper (for details see [HI §3.1]). Let P{x),Q{x) G A[x\, where 
A is a commutative UFD. Then, the resultant of P{x) and Q{x) is an element of A satisfy following 
properties: 

• There exist Sp{x), Sq{x) G A[x\ such that R = Sp{x)P{x) + Sq{x)Q{x). 

• If P{x) and Q{x) have no common divisors of positive degree in A\x\, then i? ^ 0. 

Thus, if i? 7 ^ 0 and /: A\x\ —>• R is a ring homomorphism such that f{P{x)) = 0 and f{R) ^ 0, then 
f{Qix))^0. 

2.2 Differential algebraic geometry 

Let us fix a differential field k and its differential closure K. By A"(iL) we denote the affine n- 
dimensional space over K. Let E be a subset in k{xi,... ,Xn}- A set F(E) = {p G A"(itr) | yS G 
E S(p) = 0} is said to be a differential algebraie variety defined over k. The Ritt-Raudenbush 
theorem (see [SI Theorem 7]) implies that every differential algebraic variety can be defined by a 
finite E. Conversely, for a differential algebraic variety X C hA{K) let I{X) = {S G K{xi,... ,x„} | 
yp G X S{p) = 0}. Clearly, I{X) is a radical differential ideal. We call a differential AT-algebra 
K{xi,... ,Xn}/I(X) the eoordinate ring of X. As in the case of affine algebraic geometry, there is 
one-to-one correspondence between points of X and differential homomorphisms from the coordinate 
ring of X to K. We can topologize A"'(Ar) by taking differential algebraic varieties as basic closed sets. 
This topology is referred to as the Kolchin topology. 

A differential algebraic variety X is said to be reducible \i X = XiVJ X 2 for some differential 
algebraic varieties Xi,X 2 such that Xi C X and X 2 C X. Otherwise, X is irreducible. X is irreducible 
if and only if its coordinate ring contains no zero divisors or, equivalently, I{X) is a prime differential 
ideal. Every differential algebraic variety can be expressed as a finite union of irreducible varieties (see 

13 P- 22]). 

We say that p: A" (AT) —)• A™ (AT) is a fc-map if there exist differential polynomials Pi,.. ■ ,Pm G 
k{xi,... ,x„} such that 

ip((ai,...,an)) = (Pi(ai,... ,an),... ,Pm(ai,... ,an)) for all (ai,...,a„) G A"(K) 

The fc-map (p: A" (AT) —>■ A™ (AT) defines a homomorphism of differential algebras p* : ATjj/i,..., —5” 

K{xi,... ,Xn} by = Pi(xi,..., Xn) for all i, and vice versa a homomorphism of differential 

algebras /: K{yi,... ,ym} K{xi,... ,x„} defines a AT-map /#: A"-(A:) A^(K) by f*ip) = 

U{yi){p): ■ ■ ■ Jiyni){p))- Moreover, if f{yi) G k{xi,...,Xn} for alH, then f* is a fc-map. 

For an irreducible differential algebraic variety X C A" (AT) we define the dimension dimX as 
the differential transcendence degree of its coordinate ring K{xi,... ,Xn}/I{X). We set dimension 
of an arbitrary variety to be the maximum of the dimensions of the irreducible components. Let 
codim X = n — dimX. Irreducible varieties of codimension one admit the following characterization in 
terms of the corresponding ideal. 

Lemma 2. Let I C k{xi,... ,Xn} be a prime differential ideal such that the differential transcen¬ 
dence degree of k{xi,... ,Xn}/I is n — 1. Then, there exists i (1 ^ i n) and irredueible differential 
polynomial P G k{xi,... ,Xn} such that 

/ = [P] : = {Q e K{xi, ...,Xn}\3n: S^QG [P]}, 

where S is the separant of P with respect to Xi. 

Proof. Without loss of generality we may assume that xi,..., Xn-i are differentially independent 
modulo I. By h denote the minimal possible order with respect to Xn among all non-zero polynomials 
in I. Clearly, h ^ 0. Let P G I he a. nonzero differential polynomial such that ord^,^ P — h and the 
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total degree of P is minimal possible. Since / is prime, P is irreducible. By S denote the separant of 
P with respect to x^,. ^ 

Consider an arbitrary differential polynomial Q G I. Lemma [T] implies that there exists Q such 
that orda;„ Q ^ h and S^Q — Q € [P] C I. Then, Q G I. By R denote the resultant of Q and 
P with respect to Due to the properties of the resultant (see Remark [21)> there exist A,Bg 
k{xi,... ,x„_i}[x„,... such that R = AP-\-BQ. Hence, R G Ink{xi,... ,x„_i}[x„,... ,xit 

so R — 0. Since P is irreducible, Q is divisible by P, so S^Q G [P] and I C [P] : S°°. 

On the other hand, consider Q G [P] : S°°. There exists N such that S^Q G [P] C I. Since I is 
prime and S ^ I, Q G I. So, / D [P] : S°°. □ 


3 Core lemmas 

The following lemma is a slight modification of a well-known lemma (see, m p-35]). 

Lemma 3. Let P{x) G k{x} he a nonzero differential polynomial and ordP ^ h. Assume that there 
exists t G k sueh that t' = 1. Then, there exists a polynomial s{t) G Q[t] sueh that deg^ s ^ h and 
P(s(t)) 0. 

Proof. Let us introduce algebraically independent variables qq,.. ah- Consider an expression pm = 
ahh—t^~™‘ -I- ... -I- Omw! (m = 0,..., n), where h— = hfh — . {h — m + 1). Since fc(ao,..., au) = 

k{po, ■. ■ ,Ph), Po, ■ ■ Ph are algebraically independent over k. Thus, substituting = Pm (for 

m = 1,... ,h) in P(x), we obtain a nonzero polynomial from fc[ao,..., ah]- Let {bo ,..., bh) G be a 
non-vanishing point of this polynomial. Hence, if s{t) = bht^ & 0 ! then P{s{t)) 0. □ 

Iterating this lemma, we obtain the following corollary. 

Corollary 1. Let P(xi,..., x;) € fcjxi,..., x/} be a nonzero differential polynomial sueh that ord^,^ P ^ 
h for each 1 ^ i ^ 1. Assume that there exists t G k such that t' = 1. Then, there exist polynomials 
Si(t),..., si{t) G Q[t] such that degSi < h for each \ G,i ^l and P(si(t),..., si{f)) 0. 

The following lemma serves for mapping d-dimensional variety emmbedded into the n-dimensional 
affine space (either over differentially closed field K, or over the ring of power series koo, see Section | 6 l) 
to a subset of the d + 1-dimensional affine space of certain form. For applications, see Lemma |5] and 
Lemma 1131 

Lemma 4. Let A be a differential k-algebra differentially generated by ai,... ,an G A. Assume that A 
contains no zero divisors and the differential transcendence degree of A is d > 0. By p: fc{xi,..., x^} -G 
A we denote the canonical projection defined by p(xi) = a^. 

Then, there exists an injective differential homomorphism f: k{yi ,..., yu+i} k{xi ,..., x„} such 
that f{yi) G Q[xi,... ,x„] for all i and = (Im(p o /))p(/(Q)) for some Q G k{yi,.. .,yd+i}- 

Proof. Without loss of generality we may assume that oi,..., constitute a differential transcendence 
basis of A. Let E be the field of fractions of A and let F be the field of fractions of k{ai ,..., ad} C A. 
We want to apply Kolchin’s primitive element theorem to the extension F C E. Actually, in his paper 
[5], Kolchin proved the following stronger statement: 

Theorem. Let F G E = F{ai ,..., a„) be an extension of differential fields. Assume that Oi is differ¬ 
entially algebraic over F for all i. Let b G F be a nonconstant element, i.e. b' 0. Then, there exist 
polynomials P 2 (t),... ,Pn(t) G Q[t] such that: 


E = P(ai +P2{b)a2 P . ■. +Pn{b)an). 
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Thus, there exists bd+i = aa+i + pd+2{ai)ad+2 + • ■ • +Pn(ai)a„, where Pi[ai) G Q [oi], such that 
E = F{bd+i). Then, there exist differential polynomials Q,Td+i,... ,Tn G k{yi,... ,yd+i} such that 
for alH > d 

'Ei (ui, . . . , dd ] bd-{-l) ^ 


Oi = 


Q(ai,... ,ad,bd+i) ' 

Let c = Q(ai, ...,ad, bd+i)- Then 

. . . , dd^ bd-^-l^c 

So, we can set f{y^) = xt, f{yd+i) = Xd+i + pd+2{xi)xd+2 + ■■■ +p„(xi)a;„. 


□ 


Remark 3. The resulting homomorphism can be factored as / = o o i, where i: ... ,yd+i} 

fc{yi,... ,yn} is defined by i{yi) = yi for alH < d + 1 , and a: fc{yi,..., j/„} ^ k{xi,... ,Xn} is a 
differential isomorphism defined by a{yi) = f{yi) for all i ^ d + 1 and a{yi) = Xi for alH > d + 1 . 

The following lemma replaces the subset of the d+1-dimensional affine space produced by Lemma|4] 
with simpler one. For applications, see Lemma [9] and Lemma |14l 

Lemma 5. Let I C k{yi,... ,yd+i} be a nonzero prime differential ideal such that yi,...,yd are 
differentially independent modulo I. Let Q be a differential polynomial such that Q ^ I. 

Then, there exist differential polynomials P, S € k{yi,..., yd+i} such that 

ordy^+, P > ordy^^, S. 

2. for every homomorphism (not necessarily differential) f: k{yi,... ,yd+i} B, where B is a 
domain, if [P] C Ker/ and f{S) 0, then L C Ker/ and Q ^ Ker/. 

Proof. Lemma [2] implies that I = [P] : Sff, where P G k{yi,... ,yd+i} is irreducible and Sp is the 
separant of P with respect to yd+i- Lemma [1] implies that there exists Q G k{yi,... ,yd+i} such that 
ordy^^j Q ^ ordy^^j P and SpQ — Q G [P] for some N. Since Q ^ I, Q is not zero, and Q is not 
divisible by P. 

By h we denote the order of P with respect to yd+i- Let R be the resultant of P and SpQ with 
respect to y^i- Then, ordy^_^j R < h. Since P is irreducible and neither Sp nor Q is divisible by P, it 
follows that RffQ (see Remark [2]). 

Let /: k{yi ,..., yd+i} —^ P be an arbitrary homomorphism to a domain such that /(P) = 0 and 
f{R) 7 ^ 0. Then, f{Sp) 0 and /(Q) 7 ^ 0 (see Remark [2]). Let T G I, then there exists n such that 
SpT G [P]. Applying /, we obtain that f{Spfff{T) — 0. Since there are no zero divisors in B and 
f{Sp) 0, /(T) = 0. Moreover, applying f to Q — SpQ G [P] we obtain f{Q)fiSp)^ = f{Q) 0, so 
Q^Ker/. □ 

The following two lemmas constitute the core of the proofs of both Theorem [T] and Theorem [3l For 
applications, see Lemma ITOl and Lemma [TS] 

Lemma 6 . Let P,S G k{yi ,..., yd+i}, ordy^^^ P > ordy_j^j S and P is irreducible. Then, there exists 
a differential automorphism fi: k{yi ,..., yd+i} k{yi ,..., yd+i} such that the following inequalities 
hold: 


1- ordy^^, /i(P) > ordy^+, fi[S); 

2. ordy^_^i fi{P) > max(ordy, /i(P),ordy, fi{S)) for all i sf d. 

Proof. Let us choose a natural number N > max (ordP, ordP). We define fi by fi{yd+i) = yi +yl^\, 
hivi) = Ud+i and fi{yi) = yi for all 1 < i ^ d. ^ 

Let h = ordy^+jP and D = deg^w^ P. Since occurs in fffP) only in fi (yJ-Hi) = 

’ it cancel out. Hence, ordy^^j /i(P) = N + h. Similarly, ordy^_^^ fiiS) = 

N + OTdy^^^ S. Moreover, since max (ordy. /i(P), ordy. fi{S)) < N for all i ^ d, the desired inequalities 
hold. □ 
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Definition 1. Let us consider a differential polynomial Q{yi, ■ ■ ■, yn) € fc{yi, • ■ •, yd+i\ as a differential 
polynomial in yd+i over k{yi,..., yd]. Then, Q is said to be yd+i-manageable if at least one coefficient 
lies in /c*. 

For example, P = 2yd+iy'^^i — yd+iyi + is yd+i -manageable differential polynomial, while 
Q = 2yd+iya+i + yd+iy'd+iVi + {y'lf is not. 

Lemma 7. Let Q{yi ,..., yd+i) G k{yi ,..., yd+i}- Then, there exists an automorphism /2 ofk{yi ,..., yd+i] 
of the form f 2 {yi) = Vi + Piiyd+i), where pi{t) € Q[t], for i d and / 2 (yd+i) = yd+i such that f 2 {Q) 
is yd+i-manageahle. 

Proof. The following proof uses the same “differential shifting” trick as the proof of Theorem 1 in 
[H]. By Di denote the total degree of Q with respect to yd+i and its derivations. By D 2 denote the 
total degree of Q with respect to yi,...,yd and their derivations (for example, if Q = yd+iyd+iPi + 
yd+iy'ivt^ then Di = 2 and D 2 = 5). Let N = Di -\- D 2 ordQ -b 1. Let Va = {^i,j\i ^ 0,1 < j < d} 
be a set of algebraically independent variables. We extend the derivation from k{yi,... ,yd+i] to 
A = k{yi,... ,yd+i} [La] by (Aij)' = Let us construct /2 as a composition of differential 

homomorphisms k{yi,..., yd+i] A A A k{yi ,..., yd+i], where 

• i is the monomorphism defined by i{yj) = yj + yd+i.^ 0,3 for j ^ d and i{yd+i) = yd+i', 

• g is defined by g{yi) = yi and g{Aij) = p^^ijjd+i), where pjif) € Q[t] and degpj < ordQ 

(j = 1,... ,d). 

Let us rewrite Q = i{Q) G A as a sum Q+ + Q-, where Q+ includes all monomials of degree D 2 
with respect to variables Aij and Q- = Q — Q+. Since D 2 is the maximal possible degree with respect 
to variables Aij, does not depend on yi,..., 

Let us show that Q+ yb 0. Consider Q as a polynomial in yi,...,yd over k{yd+i]. Among the 
monomials of maximal degree consider the monomial of maximal weight, say, M = A(i/d+i)yl^^^'^ ■... ■ 

where A{yd+i) G k{yd+i}. Then, Q+ includes the monomial A{yd+i)y^f^^ ■ 

... ■ Ak,,i, which can not cancel out. 

The total degree of g{Q-) with respect to yd+i and its derivations does not exceed {D 2 — i.){N + 
ordQ) + Di. On the other hand, the total degree of every monomial of g{Q+) is at least ND 2 . The 
definition of N implies that ND 2 > Di + {D 2 — 1)(A^ -b ordQ). Hence, the set of monomials of g{Q+) 
does not intersect with the set of monomials of g{Q-) for all g. Since g{Q+) does not involve yi,... ,yd, 
it suffices to find Pj{t) {j = 1,... ,d) such that g{Q+) yb 0. Let us define a derivation on the field of 
fractions of A by D{z) = -f —■ By the definition, D[yd+i) = 1 and D{Aij) = Then, due to the 

corollary of Lemma [31 there exist pj {j = 1 ,... ,d) such that g{Q+) 7 ^ 0- ^ 

4 Geometric version 

Theorem 1. Let K be a differentially closed field. Let X C A”(Ar) be a differential algebraic variety 
of dimension d > 0. Then, there exists a Q-map tp: A"(Ar) —>■ A‘^{K) such that piX) = A'^{K). 

Proof. Step 1: Map to A‘^+^. 

Lemma 8. Let X C A^(K) be an irreducible differential algebraic variety of dimension d > 0. Then, 
there exists a Q-map ip: A^{K) —> A‘^'^^{K) such that p{X) contains a nonempty set of the form 
L"\L'([Q]), where Q{yi,... ,yd+i) & K{yi,... ,yd+i} and Y C A‘^+^{K) is an irreducible differential 
algebraic variety of codimesion one. 
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Proof. By A denote the coordinate ring of X. Let p: K{xi,... ,Xn} —>• K{xi,... ,Xn}/I{X) = A 
be the canonical projection. Due to Lemma 0] there exists an injective differential homomorphism 
/: K{yi,... ,yd+i} —>■ K{xi,... ,Xn} such that the corresponding map /^ : A"(if) —5> A'^+^(if) is 
defined over Q and there exists Q € if {?/i, • ■ •, Pd+i} such that Ap^f^g-)-) = (Im(p o /))p(y(Q)) 

Let Y C A‘^+^(if) be the closure of ^^{X) with respect to the Kolchin topology. Then, the 
coordinate ring of Y is Im(p of) C A, so T is irreducible. Since the coordinate rings of Y and A 
become isomorphic after localization with respect to p{f{Q)), dimT = dimX = d. Furthermore, for 
every point p € Y such that Q{p) ^ 0 there exists a point q G X such that f{q) = p. Thus, f{X) A 
([Q]). Finally, the differential Nullstellensatz implies that there exists a differential homomorphism 
° f))p(f(Q)) -A K, which is a point of y\D([(5]), so y\D([(5]) 0. □ 

Step 2: Replacing the set with simpler one. 

Lemma 9. Let y\R([(5]) C A‘^“'"^(if) be a nonempty subset, where Y is an irreducible differential 
algebraic variety of dimension d, and Q G K{yi,... ,yd+i} is a differential polynomial. Then, there 
exist differential polynomials P, S G K{yi,... ,yd+i} such that a set ([^J) is nonempty and 

n^([Q]) 3 R([p])\R([5]). 

Moreover, P and S can be chosen such that ordj,. P > ordj,,; S for some i, and P is irreducible. 

Proof. Without loss of generality we may assume that yi,... ,yd are differentially independent modulo 
I{Y). Applying Lemma[5]to ideal I{Y) and differential polynomial Q, we obtain polynomials P and S. 
Restricting ourselves to differential homomorphisms to if, we see that Lemma[5]imply that ([Q]) D 
R([R])\R([S']). Since ord^^^j P > ordy_^^^ S and if is differentially closed, there exists at least one point 
in R([R])\R([5]). □ 

Step 3: Map onto A'^(if). 

Lemma 10. Let P,Sg if {j/i,..., j/d+i}; P > OTdy^^.^S, and P is irreducible. Then, there 

exists a Q-map tp: A'^+^(if) —5> A'^(if) such that (R([P])\R([S'])) = A'^(if). 

Proof. The map p will be constructed as a composition of maps corresponding to automorphisms 
from Lemma inland Lemma [7] and the projection onto first d coordinates. Applying the map ff" from 
Lemma mi we may further assume, that P and S satisfy inequalities from Lemma [51 By Ip denote the 
initial of P with respect to yd+i- Let us apply Lemma [Tito Q = Sip and obtain the automorphism 
/ 2 . By ii denote the order of P with respect to yd+i and rewrite P as 


(2/i+\) + Ad-1 (2/i+\) + ... + Ao, 


where Ai G K{yi,..., yd+i} and ordy^^^ Ai < h. 


Note that due to the inequalities from Lemma [51 


f2{P) = /2(Ar,) (vd+i) + /2(Ad_i) (vd+j^ + ... + /2(Ao), where ordj^^+j /2(A,) < h. 


Hence, ordj^^^^ P = ordj^^^^ f 2 {P), ordj^^^^ S = ord^^^^ f 2 {S), and / 2 (ip) is the initial of / 2 (P) with 
respect to yd+i- Automorphism /2 defines the Q-map f^ ■ A'^+^(if) —A'^+^(if). Applying ff, we 
may further assume that Sip is -manageable. 

Let p 3 : A'^+^ —5> A'^ be the projection on the first d coordinates. We claim that ps (L^([L’])\1^([*S'])) = 
A‘^{K). Let (oi,..., Qd) be an arbitrary point of A'^(if). Due to j/^+i-manageability, Q{ai ,..., Od, yd+i) 
is a nonzero differential polynomial. Thus, P{ai ,..., ad, Vd+i) is also a nonzero differential polynomial. 
Moreover 


ordy^+i P{ai,- ■■,ad, Vd+i) = ordy^^^ P{yi,..., yd+i) > oidy^^^ Q{ai, ...,ad, yd+i) 


Since if is differentially closed there exists Od+i such that P(ai, ..., Od+i) = 0 and Q(ai, ..., Od+i) yf 0, 
so S{ai,.. .,ad+i) y^ 0 and (m,... , 0 ^+ 1 ) e 1^([H])\1^([-S']). 




Thus, the composition (p = o o ff is a desired map. 

□ 

Let us return to proof of Theorem[TJ First, if X is reducible, we replace X with any of its irreducible 
components of maximal dimension. Then, we apply Lemma [8] and map a subset of X surjectively onto 
the nonempty set of the form y\y([(5]). Due to Lemma [SJ F\F[(5] contains a subset of the form 
y([P])\y([S']), where P is irreducible, ordy^ P > ordy^ S for some i and P,S£ k{yi, ..., yd+i}- Then, 
we use Lemma [TOl in order to map the set F([P])\F([5']) surjectively onto A‘^{K). The composition of 
these two projections is a desired Q-map. 

□ 


5 Algebraic version 

Theorem 2. Let A be a finitely generated differential k-algebra without zero divisors. Assume that 
the differential transcendence degree of A over k is d > 0. Then, there exist differentially indepen¬ 
dent ai,... ,ad G A such that for every prime differential ideal p C k{ai,... ,ad} there exists prime 
differential ideal q C A such that q n k{ai ,..., a„} = p. 

Proof. Let Khea differential closure of k. Let 6i,..., be a set of generators of A. By p: K{xi ,..., x„} —>■ 
K iSik A we denote the surjective differential homomorphism defined by p{xi) = 1 ® 6^. Then, K A 
is a coordinate ring of X = V(Ker7r), and dimX = d. Due to Theorem [TJ there exists a Q-map 
ip: A"(iL) —5> A'^(X) such that p(X) = A‘^{K). We identify the coordinate ring of A‘^{K) with 
K{yi,...,yd} Set oi = p(p*{yi)), ..., Od = p{.T*{yd))- Since is a Q-map ai,...,a„ belong to 
1 0 A and can be identified with some elements of A. Let B = k{ai ,..., Od] C A. Every differential 
homomorphism B ^ K can be extended to a differential homomorphism K (g) B ^ K. The surjectiv¬ 
ity of p implies that every differential homomorphism K (g> B ^ K can be extended to a differential 
homomorphism K ® A ^ K. 

In general, extending prime differential ideal p from i? to A is equivalent to extending a differential 
homomorphism B ^ L, where L is some differentially closed extension of fc, to a differential homo¬ 
morphism A ^ L. Indeed, L can be chosen to be the differential closure of the field of fractions of 
B/p. Thus, the only we need is the following lemma (see also [TUI §1-4]): 

Lemma 11. Let X and Y be a differential algebraic varieties defined by ideals L C K{xi,..., Xn} 
and J C K{yi,... ,ym}, respectively. Let p: A"(iL) —>■ A^(K) .such that p(X) D V, and L D K is a 
differentially closed extension of K. By X^ and we denote differential algebraic varieties over L 
defined by the same equations as X and Y. By pL wa denote a map A"'(L) —>■ A’”(L) defined by the 
same formulas as p. 

Then, pl{Xl) A Yl. 

Proof. By the Ritt-Raudenbash theorem every differential algebraic variety can be defined by a fi¬ 
nite number of equations. By Pi,... ,Pg and Qi,... ,Qi we denote defining equations for X and Y, 
respectively. The inclusion p{X) D Y can be expressed by the following first-order formula over K: 

Vui, . . . , Ojyi (Ql (Ul , . . • , Ojjf) = 0A...A(5^(ui,..., Uyn)) ^ 

d&i,..., bji (F\ {hi,..., bji ) A ... A Pg(bi,..., byf) A p(bi,..., bjyfj — (ui,..., Un)) 

Due to model completness of differentially closed fields (see [71 Corollary 2.5]), the same first-order 
formula holds over L. Thus, pl{Xl) D Yl. □ 

□ 
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6 Power series version 


Let k be an algebraically closed differential field. By we denote the same field equipped with trivial 
derivation. An algebra of formal power series fcoo = fco[[i]] is a differential ring with respect to derivation 
Moreover, a differential homomorphism i: k ^ koo defined by i{a) = ^ turns k^o into a 

3=0 

oo oo 

differential /c-algebra. Let us emphasize that the product a G k and ^ bjP is not equal to ^ abjP ^ 

3=0 j=o 


but to i{a) ■ ^ bjP. However, in the cases when k consists solely of constants the multiplication of an 

3=0 

element of k^o by an element of k is component-wise. 


Let us define also a homomorphism e: k^ 


/c-homomorphism f: A —3 koo defines a homomorphism e o f: A 
that the converse also holds. 


fco by the formula e ^ ajP = oq. Every differential 

Vj=° / 

kQ. The following lemma shows 


Lemma 12. Let A he a differential k-algebra. Let f: A ^ kg be a homomorphism. Then, there exists 
a differential k-homomorphism f: A ^ koo such that e o f = f. 


Proof. It is easy to verify that the formula f{x) 


^ defines a desired homomorphism. 

3=0 


□ 


Remark 4. The above proof uses so-called Taylor homomorphism. For details, see m §44.3]. 


The differential fc-algebra koo shares some important properties of the differential closure. For 
example, the following analogue of the differential Nullstellensatz holds: 


Proposition 1. Let A be a differentially finitely generated k-algebra. Then, there exists a differential 
k-homomorphism A —>■ koo- 


Proof. Let m C A be any maximal differential ideal. Since every maximal differential ideal over a field 
of zero characteristic is prime (see m Proposition 1.19]), A/m contains no zero divisors. Replacing A 
with A/m if necessary, we may assume that A is integral. Due to Statement 5 from [4] there exists an 
element s € A such that the localization A^ can be written as B[yo], where R is a finitely generated 
fc-algebra (not necessarily differential) and {j/q} is an at most countable set of variables algebraically 
independent over B. Hilbert’s Nullstellensatz implies that there exists a homomorphism B ^ kg. 
Moreover, it can be extended to a homomorphism A^ = B[yo,] ^ fcg by sending elements of {?/«} to an 
arbitrary elements of fco- Thus, we constructed a homomorphism A —> fcg. By Lemma |12I there exists 
a differential fc-homomorphism A —>■ koo. D 


Below we provide analogues of some notions and constructions in differential algebraic geometry 
(see Section[22]) for the case of geometry over koo. By A"(A;oo) we denote the n-dimensional affine space 
over koo- Let E be a subset in k{xi, ... , Xn}- A set F(E) = {p g h.'^fkoo) j VS' g E S(p) = 0} is said to 
be a differential algebraic koo-variety. Conversely, for a differential algebraic fcoo-variety X C A"(fcoo) 
let I{X) = {S g k{xi, ... ,Xn} I Vp g A S(p) = 0}. Clearly, I{X) is a radical differential ideal. 
We call a differential fc-algebra k{xi, ... ,x„}//(A) the coordinate ring of X. It is easy to see that 
every point p g A defines a differential fc-homomorphism k{xi, ... ,a:„}//(A) ^ koo by evaluation, 
and vice versa. Moreover, due to Lemma there is one-to-one correspondence between points of A 
and homomorphisms (not necessarily differential) of the coordinate ring of A to fco. 

A differential algebraic fcoo-variety A is said to be reducible if A = Ai U A 2 for some differential 
algebraic varieties Ai, A 2 such that Ai C A and A 2 C A. Otherwise, A is irreducible. X is irreducible 
if and only if its coordinate ring contains no zero divisors or, equivalently, /(A) is a prime differential 
ideal. For an irreducible differential algebraic fcoo-variety A C A"(fcoo) we define the dimension dim A 
as the differential transcendence degree of its coordinate ring k{xi,... ,x„}//(A). 
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Let Q S k{xi,... ,Xn} be a differential polynomial. By 14(Q) we denote a subset {p G A"(fcoo) | 
e {Q{p)) = 0} C A"'(fcoo)- 

Theorem 3. Let k be an algebraically elosed field. Let X C A"'(A:oo) be a differential algebraic koo- 
variety of dimension d > 0. Then, there exists a Q-map (p: A"(fcoo) —> ^‘^(fcoo) such that ip{X) = 

Proof. A desired Q-map will be constructed as a composition of several maps in a way analogous to 
the Q-map p in Theorem [TJ 
Step 1: Map to A‘^+^(fcoo)- 

Lemma 13. Let X C A”(fcoo) be an irreducible differential algebraic koo-uariety of dimension d > 0. 
Then, there exists a <Q-map ip: A"(fcoo) A‘^'^^{koo) such that p{X) contains a nonempty set of 
the form Y\Ve{Q), where Q{yi,... ,yd+i) G K{yi,... ,yd+i} and Y C A‘^+^(fcoo) is an irreducible 
differential algebraic k^c-variety of codimesion one. 

Proof. By A denote the coordinate ring of X. Let p: k{xi,... ,Xn} k{xi,... ,Xn}/I{X) = A 
be the canonical projection. Due to Lemma 0] there exists an injective differential homomorphism 
/: k{yi,... ,yd+i} —>■ k{xi,... ,Xn} such that the corresponding map /^ : A"(fcoo) —>■ A‘^+^(fcoo) is 
defined over Q and there exists Q G k{yi,..., yd+i} such that = (Im(p o /))p(y(Q)) 

Let Y C A'^+^(fcoo) be the closure of fi^{X) with respect to Kolchin topology. Then, the coordinate 
ring Y is Im(p o f) c A, so Y is irreducible. Since the coordinate rings of Y and A become isomorphic 
after localization with respect to p{f{Q)), dimT = d. Furthermore, for every point p G Y such that 
Q{p) G fcoo is an invertible element of fcoo or, equivalently, £(Q(jp)) 0 the corresponding homomor¬ 

phism to koo can be extended to a fc-homomorphism Ap(y(Qp —>■ koa- Thus, there exists a point q G X 
such that /^(q) = p. Hence, fi^{X) A y\t4((5). The set Y\Vg{Q) is nonempty because there exists 
at least one differential fc-homomorphism k^^. Q 

Step 2: Replace the set with simpler one 

Lemma 14. Let Y\Ve{Q) C A‘^“'"^(fcoo) be a nonempty subset, where Y is an irreducible differential 
algebraie koo-variety of dimension d, and Q G k{yi,..., yd+i} is a differential polynomial. Then, there 
exist differential polynomials P, S G k{yi,... ,yd+i} sueh that a set F([P])\f4(S') is nonempty and 
Y\VfiQ)^V{[P])\Ve{S). 

Moreover, P and S can be chosen sueh that ordp^ P > ordy^ S for some i, and P is irreducible. 

Proof. Without loss of generality we may assume that yi,... ,yd are differentially independent mod¬ 
ulo I{Y). Applying Lemma [S] to ideal I{Y) and differential polynomial Q, we obtain polynomi¬ 
als P and S. Restricting ourselves to homomorphisms to fco, we see that Lemma [5] imply that 
Y\Ve{Q) D F([P])\f4(<S'). Since ordy^^^ P > ordy^^j S' and P is irreducible, differential algebra 
A = (k{yi,... ,yd+i}/P)g is a differentially finitely generated differential fc-algebra. So, Proposition [T] 
implies that there exists a differential fc-homomorphism A koo, which is a point in F([P])\f4(S). □ 

Step 3: Map onto A'^(fcoo). 

Lemma 15. Let P,S G k{yi, ... ,yd+i} i ordy^^j P > ordy^^^ S, and P is irreducible. Then, there 
exists a Q-map p: A‘'*+^(fcoo) A‘^{koa) such that p (V{[P])\Ve{S)) = A‘^{koa). 


Proof. The map p will be constructed as a composition of maps corresponding to automorphisms 
from Lemma inland Lemma [7] and the projection onto first d coordinates. Applying the map ff" from 
Lemma mi we may further assume, that P and S satisfy inequalities from Lemma mi By Ip and Sp 
denote the initial and the separant of P with respect to yd+i, respectively. By R denote the resultant 
of and P with respect to yu+i- Let us apply Lemma [Tito Q = IpRS and obtain the automorphism 
/ 2 . By h denote the order of P with respect to yd+i and rewrite P as 


+AD-i(yfp^'^ -f...-fAo, 


where Ai G k{yi, ..., yd+i} and ordy^^^ Ai < h. 
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Note that due to the inequalities from Lemma [6] 

f 2 {P) = / 2 (^d) + / 2 (^D-i) + ... + / 2 (^o), where f 2 {A,) < h. 

Hence, ordy^^^ P = ordy^^^ f 2 {.P), ordy^^^ S = ordj,^,^^ f 2 {S), and / 2 (dp) and f 2 {Sp) are the initial 
and the separant of f 2 {P) with respect to ya+i, respectively. Automorphism /2 defines the Q-map 
f *: h'^+\koo) ^ A'^+ilfcoo). Applying f*, we may further assume that Q = IpRS is j/d+i-manageable. 

Let (fi 3 : A‘^+^(fcoo) —>■ A^{koo) be a projection on the first d coordinates. We claim that (p^ {V ([H])\t4(5')) = 
A‘^(/coo). Consider an arbitrary point of A‘^(fcoo) or, equivalently, a homomorphism g: /c{yi,..., —>■ 

fco. In order to prove the claim we need to show that g can be extended to a homomorphism y: fc{yi,..., yd+i} 
ko such that g{S) ^ 0 and g (pC)) = q for all j. Dne to yd+i-manageability, Q(y(yi ),..., g{yd),yd+i) 
is a nonzero differential polynomial. Thus, P{g{yi ),..., g{yd),yd+i) is also a nonzero differential poly¬ 
nomial. Moreover, since /p(y(yi ),..., g{yd),yd+i) ^ 0, 

h = ordy^+i T’(y(yi),..., g{yd),yd+i) = ordy^+j P(yi,..., yd+i) > ord^^^^, Q{g{yi), ■ • ■, g{yd),yd+i) 

Hence, we can choose ^(yd+i), ■. ■, y(y^+\) such that g{Q) ^ 0 and y(P) = 0. Since g{R) ^ 0, g{Sp) is 
not zero (see Remark[5]). Now assume that we have already defined g{yd+i), ■ ■ ■ ,g such that 

g{pA)) = 0 for all j ^ N. Let us recall that (see proof of Lemma [IJ 

p(N+i) ^ + T, where ord^.p, T ^N + h 

In order to ensure that y(P^^+^)) = 0, we set y(y^+j*"^'''^^) = Jj . Then, proceeding by induction 
on N we obtain a desired homomorphism g: fc{yi,..., yd+i} —^ ^o- 
Thus, the composition ip = ps o o ff is a desired map. 

□ 

Let us return to proof of Theorem[3l First, we apply Lemma IT^ and map a subset of X surjectively 
onto the nonempty set of the form y\I4((5). Due to Lemma [TTl Y\Ve{Q) contains a subset of the form 
H([P])\I4(S'), where P is irreducible, ordy. P > ordy^ S for some i and P, S G k{yi ,..., yd+i}. Then, 
we use Lemma [T5] in order to map the set H([P])\I4(<5') surjectively onto A‘^(fcoo). The composition of 
these two maps is a desired Q-map. 

□ 


Corollary 2. Let Pi{xi,... ,Xn), ■ ■ ■ ,Pm{xi,... ,Xn) G C{xi,... ,x„} be a set of differential polyno¬ 
mials such that radical differential ideal {Pi,..., Pm} is prime and the differential transcendence degree 
of C{xi,... ,Xn}/{Pi, ■ ■ ■, Pm} equals d> 0. 

Then there exists an invertible change of variables Xi = Qi{yi,... ,yn) G Q{yi,...,yn} (i = 
1,..., p} such that for every formal power series fi(t),..., fd{t) G C[[t]] the system 

(Piifiit), ■. .,fd(t),yd+i ,... ,y„) = 0 
[.Pm(/i(t), ■ •. ,/d(t),yd+i,... ,y„) = 0 

where Pi(yi,..., yn) = Pi {Qi{yi, ■ ■ ■ ,yn), ■ ■ ■ ,Qn{yi, ■ ■ ■ ,yn)), has a solution in the ring of formal 
power series C[[t]]. 

Proof. Both maps in the proof of Theorem[3](i.e. the map from Lemma [T51 and the map from Lemma lTSl) 
are compositions of an automorphism and a projection (see Remark |3] and proofs of Lemma [14] and 
Lemma [T31). Thus, the resulting map p: A"(fcoo) —>■ A'^(fcoo) can be factored as a composition p = noa, 
where a: A"’(fcoo) —S’ A”(fcoo) is an automorphism, and tt: A"(fcoo) —>■ A'^(fcoo) is a projection onto the 
first d coordinates. In our case koo = C[[t]], and an automorphism a* : C{xi ,..., —?> C{a:i,..., x„} 

of differential C-algebra gives us the desired change of variables by yi = a*{xi) for all*. □ 
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Remark 5. In practice ideal {Pi,, Pm} need not be prime, but there is an algorithm computing its 
decomposition as an intersection of prime differential ideals (see [H Section V.5]), which corresponds 
to a decomposition of a differential algebraic variety as a finite union of irreducible varieties. 

Corollary 3. Let Pi(t,xi,. ■ ■ ,Xn), ■ ■ ■ t ■ ,Xn) G C[t]{a:i,..., be a set of differential 

polynomials over the differential ring C[t] (where t' = 1) such that radical differential ideal {Pi,..., Pm} 
is prime and the differential transcendence degree of C[t]{a;i,..., a;„}/{Pi,..., Pm} equals d > 0. 

Then there exists an invertible change of variables Xi = Qiit,yi,. ■ ■ ,yn) G QM{ 2 / 1 j • ■ ■ 1 2/n} (i = 

. ,n) such that for every formal power series /i(s), •. •, fd(,s) G C[[s]] there exists a constant A G C 
such that the system 

fPi (t, /i (t - A),..., fd{t - A), yd+i, ...,yn)=0 
[Pmit, /i(< - A),..., fd{t - A), yd+i ,..., 2/„) = 0 

where Pi{t,yi,... ,yn) = Pi {t,Qi{t,yi,... ,yn),... ,Qn{t,yi,... ,yn)), has a solution in the ring of 
formal power series C[[t — A]]. 

Proof. Let us consider t as one more differential indeterminate and add one more equation f = 1. 
An ideal remains prime, and the differential transcendence degree is the same. Like in the proof 
of Corollary [2l Theorem [3] gives us an invertible change of coordinates Xi = Qi(yi,. ■ ■ ,yn+i)j t = 
Qn+i{yi ,..., j/„+i). We claim that we can assume that t = yn+i- In order to prove the claim, let us 
analyze the proof of Lemma |4l Since t is differentially algebraic over Q, t can not be contained in a 
differential transcendence basis of A. Furthermore, we can assume that t = Ok, where k > d + 1 (we 
follow the notation of Lemma n. Thus, t is not affected by any of automorphisms from the proof of 
Theorem [3l Thus, we may assume that t = j/n+i, after the change of variables we obtain a system of 
the form ^ 

' Pi{t,yi, ...,?/„)= 0 

< T 

Pjn (t, yif ■ • ■ ^ Vti) — 0 
t' = 1 

\ 

Let us consider a partial substitution yi = /i(s), ...Tyd = fd(,s), where ffs) G C[[s]]. It can be 
extended to the solution in C[[t]] of the system above, namely yd+i = /d+i(s), ■ ■ ■ ,yn = fnis),t = 
fn+iis). Since t' = 1, /„+i(s) is of the form s + A for some A G C. Replacing s with t — X everywhere, 
we obtain a desired solution. □ 


7 Concluding remarks and acknowledgments 

Remark 6. Let us note that proofs in the paper could be organized in a significantly different way. 
Theorem [3] implies nondifferential analogue of Theorem [2l that is for every finitely generated integral 
differential algebra A over a differential field k there exist bi,... ,bd G A such that A is differentially 
algebraic over B = k{bi ,..., bd}, and for every prime (not necessarily differential) ideal p C B there 
exists prime ideal q C A such that p = qflP. Geometrically speaking, it means that there is a surjective 
map Spec A SpecP. Statement 2 from [3] implies that the same map induces an injective map from 
the differential spectra of A onto the differential spectra of B. Thus, Theorem[^follows from Theorem[3l 
Furthermore, Theorem [T] can be deduced from Theorem [5] using the differential Nullstellensatz. 

However, for the sake of readability we preferred to give separate proofs for Theorem [T] and Theo¬ 
rem [31 

Remark 7. The following example shows that Theorem|3]can not be deduced directly from Theorem[TJ 
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Let P = xy' + {x’ + l)y — 1 G <C{x,y}, and by K denote the differential closure of C. By X C h?{K) 
denote an irreducible differential algebraic variety defined by / = [P] : x°°. Consider a projection 
tt: h?{K) — )■ A}{K) defined by 7r((xo,yo)) = xq. 

We claim that 7r(X) = A^{K). Choose an arbitrary xq € A^(iL). If xq ^ 0, then there exists 
yo & K satisfying the equation xoy' + {x'q + l)y — 1=0. Then, (a;o,yo) G X. Now it suffices to show 
that (0,1) € X. For an arbitrary differential polynomial Q by Qo "we denote a sum of monomials 
involving either for some i, or y^^') for some j > 0. Let Qi = Q — Qo & ^Iv]- If Ihs-f <3 € /, then 
there exists N such that x^Q G [P]. Note that polynomials of the form TP^'‘\ where i > 0, do not 
affect x^Qo, so x^Qo is divisible by y — 1. Thus, Q vanishes at point (0,1). 

On the other hand, there is no vanishing point of P of the form {—t, y) G C[[t]] = Coo, so the image 
of X under projection (C[[t]]) —;■ A^ (C[[t]]) defined by the same formula as tt is not the whole affine 
line. 

The author is grateful to Dmitry Trushin, Yu.P. Razmyslow, and Alexey Ovchinnikov for useful 
discussions and to the referees for their invaluable comments and suggestions. 
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